Inequalities for QCD functional integrals are used to establish that up to certain technical assumptions. the high temperature chirally restored phase of QCD is effectively symmetric under
motivated by lattice calculations of the topological susceptability [5] in which U(1) A remains broken above the chiral restoration temperature.
The idea that the chirally restored phase is symmetric under U(2) × U(2) rather than SU(2) × SU (2) is not new. Shuryak raised this possibility previously [7] . The present approach is novel, however, in that it derives this result formally from the QCD functional integral. Before discussing the present derivation, it is useful to review Shuryak's arguments.
One argument is based on lattice calculations of screening masses which purport to show that above T c , the π and σ screening masses are degenerate (within numerical noise) [8] . The calculated "σ" correlation functions only included the quark-line connected part. However, this quark-line connected part is the entire correlator in the scalar-isovector (δ) channel.
Thus, the lattice calculations indicate a degeneracy between the π and δ screening masses.
The π and the δ do not belong to the same SU(2) × SU(2) multiplet; they do, however, belong to the same U(2) × U(2) multiplet.
Shuryak also argues for U(2) × U(2) restoration from the instanton liquid model [9, 10] .
Recall that the solution of the U(1) A problem requires both the U(1) A anomaly and the contribution of nontrivial topological configurations [3] ; topology is necessary for the anomalous violation of U(1) A symmetry to have physical manifestations. In the instanton liquid model [9, 10] instantons provide the only source for these configurations. As has long been known, a finite density of instantons leads to chiral symmetry breaking [11] . In the instanton liquid model, instantons also provide the only source of SU(2) × SU(2) chiral symmetry breaking.
Thus, in this model, the same mechanism is responsible both for SU(2) × SU(2) chiral symmetry breaking and for allowing the U(1) A symmetry breaking due to the anomaly to have physical consequences. In such a model, if one were in a phase in which SU(2) × SU(2) chiral symmetry were unbroken, it would follow that instanton effects are be turned off. This, in turn, suggests that the anomaly will not have physical effects in any of the correlation functions: all observables will behave as though the phase is U(2) × U(2) symmetric. The mechanism responsible for this in the model is believed to be the condensation of instantons and anti-instantons into topologically neutral "molecules" [12] . Before discussing how this works out in specific cases, it is worth stressing the generality of the result. It depends only on the fact that ρ A (0) goes to zero above the phase transition for all configurations and that U(1) A violating amplitudes come from modes in the neighborhood of λ = 0. It does not depend on the detailed mechanism which generates a nonzero ρ A (0) below T c .
To make the discussion concrete, consider the two-point correlation function of scalar and pseudoscalar quark bilinears. There are four distinct operators: pseudoscalar-isovector, iqγ 5 τ q, (the π channel); scalar-isoscalar,(σ); pseudoscalar-isoscalar, iqγ 5 q, (η ′ ); and scalar-isovector, qτ q (δ). These bilinears are denoted as J π , J σ , J η ′ and J δ . The σ and π form a distinct SU(2) × SU(2) multiplet from the δ and η ′ . Under U(2) × U(2) however they are all part of a single multiplet.
The thermal two-point correlation function Π(x) of two equal-time quark bilinear operators at fixed temperature, T , is defined by
where the double braces indicates thermal average and J(x) = q(x)Γq(x) and Γ is a matrix in Dirac and flavor space. One can write this as a Euclidean functional integral: A finite quark mass m q is included in the previous expression-it will be sent to zero only at the end of the calculation. For technical reasons it is simpler to work in a box of finite volume V (which makes all of the modes discrete) and to let the volume of the box go to infinity at the end of the problem. The ordering of these two limits is critical. One must take the V → ∞ limit before taking the chiral limit. [14] There are two distinct contributions to this functional integral: a term with a single trace and a term with two traces. They are the quark-line connected and quark-line disconnected pieces, respectively. If the up and down quark masses are equal (as is assumed here),
[S A (x, 0), τ ] = 0, and the connected piece of an isoscalar correlator (e.g. the σ channel) is identical to the connected piece of an isovector correlator with the same spatial quantum numbers (e.g. the δ channel).
The difference between the σ and δ correlation functions, Π σ (x) − Π δ (x), is U(1) A violating. As noted above, in the functional integral this difference comes entirely from the quark-line disconnected piece,
If it can be shown that above the SU(2) × SU(2) chiral restoration temperature
for all gauge configurations consistent with the boundary conditions, then it follows that 
This in turn implies that in the chiral limit of m q → 0 Π σ (x) − Π δ (x) → 0. That is, this U(1) A violating matrix element vanishes.
If the validity of eq. (4) is established, then one has proven that this U(1) A violating amplitude vanishes. To begin use a spectral representation for S A :
where the modes are eigenmodes of the Dirac operator. ¿From the fact that {γ 5 , D /} = 0, it follows that if ψ j is an eigenmode with eigenvalue iλ j , then γ 5 ψ j is an eigenmode with eigenvalue −iλ j . This in turn implies
It is apparent from eq (7) that, as advertised, in the limit of m q → 0, contributions to tr[S A (x, x)] come entirely from modes near λ = 0. More significantly, given the standard convention that the quark mass is positive, then tr[S A (x, x)] ≤ 0 for any gauge configuration.
Above T c , we know that chiral condensate,T , vanishes, or to be more precise is order m q and vanishes when the chiral limit is taken. The chiral condensate can be written as a functional integral: Having established this, it is immediately obvious that Π π (x), Π η ′ (x), Π σ (x), and Π δ (x) must all be identical above T c in the m q → 0 limit. SU(2) × SU(2) chiral restoration implies that Π π (x) = Π σ (x) and Π η ′ (x) = Π δ (x), while eq. (5) implies that Π δ (x) = Π σ (x) -all members of the U(2) × U(2) multiplet are identical. Although from this argument it is
it is useful to demonstrate this directly from functional integral inequalities as it demonstrates a technique which is useful for studying other multiplets.
The functional integral for this difference can be written as
The first step in proving that Π π (x) − Π η ′ (x) goes to zero above T c is to show that
for any gauge configurations. This is easily established using the spectral decomposition of the propagator and the fact that ψ † j (x)(1 + γ 5 ) 2 ψ j (x) ≥ 0 for any ψ j . By comparing eq. (3) with eq. (9) and using eq. (10) 
Thus, there is apparently the possibility that the chiral condensate vanishes as the regulator goes to zero while the U(1) A violating amplitude, {Π σ (x) − Π δ (x)}, does not.
In summary, up to the loophole discussed above, it has been shown directly from the QCD function integral that above T c , the correlation functions for quark bilinears in a given U(2) × U(2) multiplet are identical. This indicates that the phase is invariant under U(2) × U(2) rather than SU(2) × SU(2). The anomalous U(1) A breaking does not split the U(2) × U(2) multiplets because the effects of the anomaly occur entirely through the quarkline disconnected parts of correlation functions and, in the m q → 0 limit, the quark-line disconnected parts contribute only due to the the modes near λ = 0. Above T c the density of states at λ = 0 goes to zero and the anomaly ceases to play a role. 
